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Scattering in quantum mechanics
at low energies (s-wave scattering)

/1:2—7r>>R
k

R - radius of the interaction potential
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If k —0 then the interaction Is determined by the scattering length alone.
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What is a unitary gas?

A gas of Interacting fermions is in the unitary regime if the average
separation between particles is large compared to their size (range of
Interaction), but small compared to their scattering length.

nr3<< 1llnlaP >> 1 n - particle density
0 ‘ ‘ a - scattering length

r, - effective range
1.C. 1y — O, a — £oo NONPERTURBATIVE
REGIME

System is dilute but

strongly interacting!

universauty:  E(T) = f( )EFG o ’
F

QUESTIONS: What is the shape of & (V ) ?

What is the critical temperature for
the superfluid-to-normal transition?




One fermionic atom in magnetic field
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Collision of two atoms: At low energies (low density of atoms) only L=0

(s-wave) scattering is effective.

» Due to the high diluteness atoms in the same hyperfine
state do not interact with one another.

» Atoms in different hyperfine states experience interactions
only in s-wave.



Effective Hamiltonian of an atom-atom system
2

H = Z(\/,hf V.2) + V,y (F)Py + V, (F)P, +..
Zlu Tiesinga, Verhaar,
Stoof, Phys. Rev.
e App A47, 4114 (1993)
V75 = h2 I-J, V; —Coulomb term

Closed channel

Openychannel

Regal and Jin, PRL 90, 230404 (2003) Interatomic distance



Short (selective) history:

vIn 1999 DeMarco and Jin created
a degenerate atomic Fermi gas.

v'In 2005 Zwierlein/Ketterle group observed
2uantum vortices which survived when passing
rom BEC to unitarity -
evidence for superfluidity!

system of fermionic °Li atoms

Feshbach resonance;
B=834G

BEC side: . . ‘ ‘
|UNITARY REGIME

Figure 2| Vortices ina stron ermionic atoms onthe  magnetic field was ramped to 735G for imaging (s . .
BEC- and the BCS-side of the Feshbach resonance. At the given field, the  magnetic fields were 740G (a), 766 G (b), 792G (c | M.W. ZWlerIeln et al.,

cloud of lithium atoms was stirred for 300 ms (a) or 500 ms (b-h) followed 843G (f), 853G (g) and 863 G (h). The field of vie
by an equilibration time of 500 ms. After 2 ms of ballistic expansion, the 880 um X 880 um. Natu re, 435’ 1047 (2005)



Unitary limit in 2 and 4 dimensions:
-
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Intuitive arguments:

- For d=4 jF{r)zddr diverges at the origin

- For d=2 the singularity of the wave function disapears = interaction
also disapears.

4D: noninteracting bosons

Td=4

BCS L BEC
Jha=" koL - Jea="

interaction

a2
2D: noninteracting Fermi gas

The only nontrivial case of unitary regime is in 3D
Nussinov,Nussinov, Phys.Rev. A74, 053622(2006)



Cold atomic gases and high Tc superconductors
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10 10 10 10 10 Magierski, Wlaztowski, Bulgac,

Alep Phys. Rev. Lett.107,145304(2011)

A/ __Ratio of the strength of two interparticle correlations to the kinetic
& energy of the fastest particle in the system.

Standard theory of superconductivity (BCS theory) fails!
Qualitatively new phenomena occur like e.g. pseudogap
characteristic for high-Tc superconductors

Magierski, Wlaztowski, Bulgac, Drut, Phys. Rev. Lett.103,210403(2009)




Hamiltonian

A

N

TV =[dr Y g0 T2 e - g [dr a0,
S 2m

= [dr (A (F)+A,(F)); As(F) =" (M (F)

Path Integral Monte Carlo for fermions on 3D lattice

| Volume = L°
Coordinate space
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Periodic boundary conditions imposed




Hamiltonian

N A 72 A
H=T +V:Id3r 3 ws‘f(r)( g jws(r) - g jd r Ny (r)n, (r)
S=
N = [d*r (A () +0, (7)) As(F) = (P (7)
1 1 mk ; ; ; ;
= + cut Running coupling constant g defined by lattice
g 4nh’a 27°h° -
I M _UNITARY LIMIT
g 27xh°AX
Grand-canonical ensemble:
/a\ 1 i na N A - (B, uN,)
E(T)_<H>_ﬁTr{Hp(H,N,T)}_z%tn o kT
1 1

Z(T)=Tr{pH,N,T)} = S e 5N 5E N, T)=e KT

n

Eigenenergies of the Hamiltonian are unknown!




Basics of Auxiliary Field Monte Carlo (Path Integral MC)

Z(B)=Tr{exp(-A(H-uN) = > (n|exp(~B(H - uN)|n)
n—many
body states

'B:%T . Imaginary time: r =it

Z(B) = [ D[o(7, )] ¢t
Slo(7,7)] = —In{det[L + U({o})]} - action




A IH N N
U{c})=T. exp{—j dr|h({c}) — ul}; h({o})— one-body operator

U{c}), = <l//k|[7({6}>|wl>; |w,)- single-particle wave function

1) _ [ Dlot.ol

B(T) =(H) = | == 75— HU{e))]

E|U({o})]- energy associated with a given sigma field

Quantum Monte-Carlo:
Sigma space sampling

E(T) = ZE U{od)

0' k=1

E(T)*)—(EM)) oc/\/—

- number of
uncorrelated samples




Quantum Monte-Carlo: parallel computing

ﬂ A N
U{c})=T exp{—j dr|h({c}) — ul}; h({o})— one-body operator

U{c}), <l//k| U{oc}) >; |w,)- single-particle wave function

For each sigma n single particle states have to be evolved.

e W) [wa) [va)

U{o})y <Wk‘U {c}) ‘W1>



Details of calculations, improvements and problems

» Currently we can reach 16° lattice and perform calcs. down to x = 0.06
(x — temperature in Fermi energy units) at the densities of the order of 0.03.

o Effective use of FFT (W) makes all imaginary time propagators diagonal (either in
real space or momentum space) and there is no need to store large matrices.

» Update field configurations using the Metropolis importance sampling algorithm.
QMC calculations can be split into two independent processes:
1) sample generation (generation of sigma fields),
2) calculations of observables.

» Change randomly at a fraction of all space and time sites the signs the auxiliary
fields o(r,7) so as to maintain a running average of the acceptance rate between

0.4 and 0.6 .

» At low temperatures use Singular VValue Decomposition of the evolution operator
U({c}) to stabilize the numerics.

* MC correlation “time” = 200 time steps at T = T_ for lattices 10°.
Unfortunately when increasing the lattice size the correlation time also increases.
One needs few thousands uncorrelated samples (we usually take about 10 000) to
decrease the statistical error to the level of 1%.



Aspekty techniczne obliczen

Przestrzei MPI Organizacja obliczen typu
GRUPA 1 CRUBAT ,JKwantowe Monte Carlo’

CPU [ CPU CPU [ | CPU v'Przestrzen MPI zostaje podzielona na grupy
L 2 > B ¢ v'Kazda grupa niezaleznie wykonuje prébkowanie
[ mPI_] [ mPI_] Monte Carlo
cPuU I cpu cPU I cpu v~ W ramach kazdej grupy procesory tworzg
3 4 7 8 sieC kwadratowg
v" Funkcje falowe oraz elementy macierzowe
zostajg rozdzielone pomiedzy rdzenie
Brak komunikacji MPI pomiedzy grupami (Block Cyclic Data Distribution)
v Na koniec symulacji wyniki sg zbierane z
GRUPA 3 GRUPA 4 poszczegolnych grup i generowany jest
koncowy wynik

J

CPU CPU CPU CPU
9 = 10 13 | 14

[ MmPI ) [ MPI )

CPU || CPU CPU [ CPU
11 12 15 16

Komputery: halo2

Jezyki programowania: FOTRAN, C, C++

Biblioteki: MPI, LAPACK, FFTW,
SCALAPACK, BLACS

Zuzycie CPU (2012): 1,211,673




A Diagram. MC
Burovski et al.
PRL96, 160402(2006)

1.0

Comparison with Many-Body Theories (1)

QMC
Bulgac, Drut, Magierski,
PRL99, 120401(2006)

Diagram. + analytic
Haussmann et al.
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{Nature 463, 1057 (2010)
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Equation of state of the unitary Fermi gas - current status
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Experiment: M.J.H. Ku, A.T. Sommer, L.W. Cheuk,

M.W. Zwierlein , Science 335, 563 (2012)

QMC (PIMC + Hybrid Monte Carlo): J.E.Drut, T.Lahde,
G.Wlaztowski, P.Magierski, Phys. Rev. A 85, 051601 (2012)




Comparison with experiment

John Thomas’ group at Duke University,

L.Luo, et al. Phys. Rev. Lett. 98, 080402, (2007)
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Ratio of the mean square cloud size at B=1200G to
its value at unitarity (B=840G) as a function of

the energy. Experimental data are denoted

by point with error bars.

Entropy as a function of energy (relative to the ground state) for the
unitary Fermi gas in the harmonic trap.

B =1200G =1/kra~-0.75

Bulgac, Drut, and Magierski
PRL 99, 120401 (2007)

Theory:




From Sa de Melo,
Physics Today (2008)

Preformed

Unbound fermion pairs Bose
fermions ) iqui

Pairing pseudogap: suppression of low-energy spectral weight function due
to incoherent pairing in the normal state (7 >T)

Important issue related to pairing pseudogap:

- Are there sharp gapless quasiparticles in a normal Fermi liquid
YES: Landau’'s Fermi liquid theory;
NO: breakdown of Fermi liquid paradigm




In the sinqgle particle fermionic spectrum - theor

Normal Fermi gas

Onset of
the pseudogap
phase

Ab initio result: The onset of pseudogap phase at 1/ak_

Magierski, Wlaztowski, Bulgac, Phys. Rev. Lett.107,145304(2011)
Magierski, Wlaztowski, Bulgac, Drut, Phys. Rev. Lett.103,210403(2009)



RF spectroscopy in ultracold atomic gases

ED(?(p,E,T)szpzj drr?— ")
0 =R\

- pipe=0.3

2712
—FE_+hv = "k -
2m

E(N)=E(N-D)+E.
Stewart, Gaebler, Jin, Using Experiment (blue dots): D. Jin's group

photoemission spectroscopy Gaebler et al. Nature Physics 6, 569(2010)
to probe a strongly

interacting Fermi gas, Theory (red line):

Nature, 454, 744 (2008) Magierski, Wlaztowski, Bulgac,
Phys.Rev.Lett.107,145304(2011)




in strongly correlated gquantum systems:

Water and honey flow with different rates:
different viscosity




In the light of the kinetic theory of gases
molecules are moving mostly along
straight lines and occasionally bump onto
each other.

Mean free path

gas molecule -
contaner

This leads to the Maxwell’s formula for viscosity (1860):

n ~ pvl = mass density X velocity X mean free path

Consequences:
- Non interacting gas is a pathological example of the system with an infinite viscosity

- Strongly interacting system can have low viscosity since the mean free path is short
but...




..but when the system is strongly correlated then the kinetic theory fails!

However:
If we blindly use this formula we may notice that the Heisenberg uncertainty
principle would give the following relation:

Can we make the above statement more precise?

How do we measure the viscosity of a system?

B Theorist: send gravitational wave through the system

® Viscosity = response of the fluid under shear -



Maldacena’s brea kthrough (1997) Particle in four dimensions

1997: gauge/gravity duality
particles in 4 dimensions = strings in 5 dimensions

Sometimes, the string picture is clearer than the
particle picture!

Fifth dimension Four-dimensional
space-time

(from Nature)

Consequence of Maldacena’s hypothesis
(string theory turned out to be useful in a very unexpected way)

n h Kovtun,Son,Starinets, (2005) from AdS/CFT correspondence

S A1 S — entropy density
h
S Ar

'V

KSS conjecture: all known fluids satisfy:



No well defined

/R ~ -
Perfect fluid & =——— - ;
erfect fluid strongly interacting quantum system s

S 4nk,
Candidates: quark gluon plasma, atomic gas

Gold nucleus Gold nucleus
® — @

v=0.99995 ¢ v=0.99995 ¢

Expansion of a atomic gas cloud

Extremely high temperatures: thousands
billion degrees

.-

(Cao et al, Science 2010)

Extremely low temperatures: | billionth of a degree

Despite of energy scales differing by many orders
of magnitude, expansion of both system is pretty
much similar and in particular exhibts the so-called

a very dense droplet of matter elliptic flow.
in the beginning




Shear viscosity to entropy ratio — experiment vs. theory
(from A. Adams et al. New Journal of Physics, "Focus on Strongly Correlated Quantum
Fluids: from Ultracold Quantum Gases to QCD Plasmas,, arXive:1205.5180)
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holographic bounds
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Lattice QCD ( SU(3) gluodynamics ): QMC calculations for UFG:
H.B. Meyer, Phys. Rev. D 76, 101701 (2007) G. Wlaztowski, P. Magierski, J.E. Drut,
Phys. Rev. Lett. 109, 020406 (2012)




Shear viscosity per unit density as a function of temperature
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PRA87,023629(2013)
QMC {EME} : P.Romatschke, R.E. Young,

N,=8, n=0.08 —e— - arXiv:1209.1604
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Wlaztowski, Magierski, Bulgac, Roche, Phys. Rev. A88, 013639 (2012)



Spin susceptibility and spin drag rate

M,= &, n=0.08

8 MN,=10, n=0.04
— N,=12, n=0.03

Fermi liquid

3 Enss & Haussmann
. . Exp. Sanner et al.
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FIG. 2: (Color online) The static spin susceptibility as a fune-
tion of temperature for an 8% lattice solid (red) circles, 10?
lattice (blue) squares and 12* lattice (green) diamonds. Ver-
tical black dotted line indicates the critical temperature of
superfluid to normal phase transition T. = 0.15 2. For com-
parison Fermi liquid theory prediction and recent results of
the T-matrix theory produced by Enss and Haussmann [25]
are plotted with solid and dashed (brown) lines, respectively.
The experimental data point from Ref. [15] is also shown.
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FIG. 3: (Color online) The spin drag rate I'.y = n/o. in
units of Fermi energy as a function of temperature for an 8°
lattice solid (red) cireles, 10 lattice (blue) squares and 12
lattice (green) diamonds. WVertical black dotted line locates
the critical temperature of superfiluid to normal phase tran-
sition. Results of the T-matrix theory are plotted by dashed
{(brown) line [25]. The inset shows extracted wvalue of the
contact density as function of the temperature. The (purple)
asterisk shows the contact density from the QMC calculations
of Ref. [29] at T" = 0.

n
=—

Os

- spin drag rate

o.(0)=70,(q=0,0)/ @ - spin conductivity

609 = (i~ @) O-1,0))

cosh[ ez — 3/ 2)]
sinh[ B/ 2]

dw

Wlaztowski, Magierski, Bulgac, Drut, Roche,
Phys. Rev. Lett. 110, 090401,(2013)

G,(a.7) =Tps(q, @)
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